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Abstract
LetR be an epireflective subcategory of Hausdorff spaces (i.e., productive and closed-hereditary)
containing the 2-point space.
Let σ = sup{|D| | D discrete, D ∈R}, the value ∞ permitted. We show (2.2) if σ = ∞, then σ
is a measurable cardinal (and ∞ and all measurable cardinals arise in this way); (3.1) σ governs the
degree to which R is closed under various topological operations. This generalizes known relations
betweenR= α-compact spaces for which σ = the first measurable cardinal  α, and between R=
topologically complete spaces for which σ = ∞, to arbitraryR with its σ .
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1. Introduction
All spaces are Hausdorff, and Haus is the category of Hausdorff spaces and continuous
maps. A (full and homeomorphism-closed) subcategory R of Haus is called epireflective
if for each X ∈ Haus there is continuous rX : X → rX with rX ∈ R and rX(X) dense in
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rX (thus epic in Haus), with the property: if f : X → Y is continuous and Y ∈R, there is
continuous f : rX → Y with f rX = f . Then f is unique, (rX, rX) is essentially unique,
and a particular rX is an embedding iff X embeds into some R-space.
According to [18], a homeomorphism-closed class R⊆ Haus has its associated full
subcategory epireflective iffR is closed under formation of products and closed subspaces.
(Further, according to [11], for R⊆ Tych (= Tychonoff spaces), and R productive
and closed hereditary, rX is an embedding for each X ∈ Tych iff R contains all compact
spaces.)
Consequently, given A⊆ Haus, the class R(A) of all closed subspaces of products of
A-spaces is the least epireflective subcategory of Haus containingA.
Let α be a regular cardinal. The classKα of α-compact spaces is defined: X ∈Kα means
X is Tychonoff, and each Z(X)-ultrafilter F for which (F ′ ⊆F , |F ′| < α ⇒⋂F ′ = ∅)
actually has
⋂F = ∅ (whence there is p ∈ X with⋂F = {p}). (Z(X) denotes the family
of zero-sets in X [7].)
The general definition ofKα , and the fact thatKα is epireflective in Haus are due to Her-
rlich [10]. Note thatKω is the class of compact spaces, andKω+ is the class of realcompact
spaces, which we also denote RC.
Let k be a regular cardinal. The operator p(k) in Haus is: p(k)X has basis {⋂U | |U | <
k, U consists of open sets in X}. Let p(k)X :p(k)X → X be the continuous identity func-
tion. It is easy to see that: continuous f : X → Y remains continuous as p(k)X → p(k)Y,
and this continuous function we write p(k)f :p(k)X → p(k)Y; the operator p(k) is
idempotent; p(k) and its class of “fixed points” P(k) = {X | X = p(k)X} have the core-
flective property: if f : Y → X is continuous and Y ∈ P(k), there is unique continuous
f : Y → p(k)X with p(k)Xf = f . Each map p(k)X is one-to-one, thus monic in Haus. So
we say P(k) is monocoreflective in Haus. (See [18] and [12] for discussions of coreflec-
tions.)
Note, P(ω+) is the class of P-spaces [7].
D(k) will denote the set, or discrete space, of cardinal k.
The cardinal m is called measurable if on D(m) there is an ultrafilter F for which
(F ′ ⊆F , |F ′| < m ⇒⋂F ′ = ∅) and⋂F = ∅, that is to say, the discrete space D(m) is
not m-compact.
Note, ω is measurable; it is consistent with ZFC that there are no others. Given k, m(k)
denotes the least measurable cardinal k (if it exists). Then, m(ω+) is (also) the first Ulam
measurable cardinal.
We shall need to know that a measurable cardinal m is regular, and satisfies n < m
implies 2n < m (hence n+ < m). See [17] and [7].
If {Xi | i ∈ I} is a set of spaces, ∑I Xi is the topological sum, i.e., the disjoint union⋃•
I Xi topologized as, G is open iff each G ∩ Xi is open in Xi .
Given X, for p ∈ X, ψ(p,X) = min{|U | | U consists of open sets, ⋂U = {p}} and
ψ(X) = sup{ψ(p,X) | p ∈ X} (the pseudo-character [5]).
We explain our use of the symbol ∞: k < ∞ just means “k is a cardinal”. Then p(∞)X
is defined as above and is the discrete space on the set X, so P(∞) is the class of discrete
spaces and we have the coreflective property as above.
We now present in 1.1 a compendium and organization of known results about Kα
with m(α), and about the class of topologically complete spaces—which we denote TC—
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with ∞. (We shall detail the origins of these results in 1.2.) The point of this paper is that
1.1 represents a paradigm valid for (nearly) arbitrary epireflectiveR with its associated σ .
That validity is the content of 2.2 and 3.1 below, as indicated in the abstract. (Of course,
we shall re-prove 1.1.)
Theorem 1.1.
(a) D(k) ∈Kα (respectively, TC) iff k < m(α) (respectively, ∞).
(b) [{Xi | i ∈ I} ⊆ Kα (respectively, TC), |I|  k ⇒∑I Xi ∈ Kα (respectively, TC)] iff
k < m(α) (respectively, ∞).
(c) [X ∈Kα (respectively, TC) ⇒ p(k)X ∈Kα (respectively, TC)] iff k m(α) (respec-
tively, ∞).
(d) X ∈Kα and ψ(p,X) < m(α) for each p ∈ X ⇒ |X| < m(α).
Remark 1.2.
(a) These theorems for Kα , for various α, have considerable history.
For α = ω: Kω = compact spaces, m(ω) = ω. Most of 1.1 is trivial or vacuous. The
implication (⇒) in 1.1(c) is the fact that a compact P-space is finite [7].
For α = ω+: Kω+ = RC, m(ω+) = the first Ulam measurable cardinal. Here, 1.1(a) is
in [19], 1.1(b) in [7], 1.1(c) (⇐) For k = ω+, this follows easily from a result in [13],
or in [9], was fully articulated in [6], and given another proof in [3]. For k m(ω+),
the result is in [2,16,21]. There are related results too in [2] and [23]. 1.1(d) is in [15].
[16] notes that 1.1(a) and 1.1(c) imply 1.1(d) immediately.
For general α: 1.1(a) is in 2.1 of [17], also in [2,14,21,2]. (1.1(b) is easy, in any event
proved later.) 1.1(c) (⇐) is in [2,21,22]. (1.1(c) (⇒) is easy, in any event proved later.)
1.1(d) is in [2] (with the proof “1.1(a) and 1.1(c) imply 1.1(d)”).
(b) We consider 1.1 for TC. Now, 1.1(a) just says that any discrete space is TC, and 1.1(b)
just says that any sum of TC-spaces is TC. These are trivial of course, and are included
here to emphasize the paradigm. (In 1.1(d), if we replace Kα by TC, and m(α) by
∞, the resulting statement is formally valid, but we ignore it.) In 1.1(c), for k = ∞,
p(∞)X is always discrete, so the statement is true by 1.1(a). For k < ∞, 1.1(c) is a
result from [16], and is re-proved with related results, in [23].
2. Discrete spaces in epireflectiveR
In this section and the rest, R is an arbitrary epireflective subcategory of Haus, with the
two-point space 2 ∈R. We are going to “generalize to R” the results in 1.1. Here is the
relevant cardinal (or ∞).
Definition 2.1. If {k | D(k) ∈R} has a cardinal upper bound, σ(R) ≡ sup{k | D(k) ∈R};
otherwise, σ(R) ≡ ∞.
176 A.W. Hager, R.J. MacKenzie / Topology and its Applications 148 (2005) 173–181
Theorem 2.2.(a) σ(R) = ∞ iff R contains every discrete space.
(b) If σ(R) < ∞, then σ(R) is measurable, and D(k) ∈R iff k < σ(R).
(c) If m is measurable or ∞, then σ(R({D(k) | k < m})) = m.
As we shall see, 2.2 is a perturbation of the following result of Keisler and Tarski:
Lemma 2.3 [17, 2.30]. k < m(α) iff D(k) ∈R({D(l) | l < α}).
Proof of Theorem 2.2. For l  k, D(l) is closed in D(k). Consequently,
l  k, D(k) ∈R⇒ D(l) ∈R. (∗)
(a) (⇐) is obvious, and (⇒) follows from (∗).
(b) Let σ = σ(R). We first show D(k) ∈R iff k < σ . k < σ ⇒ D(k) ∈ R, by (∗);
and k > σ ⇒ D(k) /∈R, by definition of σ . Now note that D(k) ∈R⇒ D(k+) ∈R: If
D(k) ∈R, then D(k) ∈R({D(l) | l < k+}) ⊆R, while by 2.3, D(p) ∈R({D(l) | l < k+})
iff p < m(k+) and of course k+ < m(k+). Since D(σ+) /∈R, D(σ ) /∈R also.
Thus, k < σ iff D(k) ∈R iff D(k) ∈R({D(l) | l < σ }) iff k < m(σ) (the last “iff” by
2.3). Thus σ = m(σ), so σ is measurable.
(c) This is obvious for m = ∞, and otherwise follows from 2.3. 
Remark 2.4. Let m be measurable or ∞, let C(m) = {R | σ(R) = m}, and let Rm =
R({D(k) | k < m}). Clearly, Rm is minimum in C(m). We know nothing about minimum,
or minimal, RRm, nor about maximum, or maximal R. We do not know a characteri-
zation of members of R∞.
3. R is σ(R)-closed
The title of this section is just shorthand for 3.1 below, which is the generalization of
1.1, with an additional “closure feature”, condition (e). In 3.1(e), ∑I Xi
k•p is the space
which is the extension of
∑
I Xi by one point p, whose basic neighborhoods are comple-
ments of sets
∑
J Xi , |J| < k. Note that, for all Xi compact,
∑
I Xi
ω•p is the one-point
compactification of the locally compact space
∑
I Xi 3.1(e) says this is compact. Note that
we permit σ(R) = ∞, and the proofs given are valid for this case (though, of course, one
deletes arguments beginning with “if k > σ(R)” or “if |I| > σ(R)”).
Theorem 3.1.
(a) D(k) ∈R iff k < σ(R).
(b) [{Xi | i ∈ I} ⊆R, |I| k ⇒∑I Xi ∈R] iff D(k) ∈R, thus iff k < σ(R).
(c) [X ∈R⇒ p(k)X ∈R] iff [X ∈ P(k) ⇒ rX ∈ P(k)]. If these hold, then k  σ(R).
If R⊆ Tych, and k  σ(R), then these hold.
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(d) Assume R ⊆ Tych. Then [X ∈ R and ψ(p,X) < σ(R) for each p ∈ X ⇒ |X| <
σ(R)].
(e) Suppose k is regular and {Xi | i ∈ I} is a set of non-empty spaces. Then,∑I Xi
k•p ∈R
iff {Xi | i ∈ I} ⊆R and, either t|I| < σ(R), or (k  |I| and k  σ(R)).
The rest of this section consists of the proof of 3.1. Before starting the proof proper, we
collect three general propositions to be used in various parts of the proof.
Proposition 3.2 [5]. (Any)∑I Xi embeds as a closed subspace of D(|I|)×
∏
I Xi .
The next proposition is to be applied to the pair R, P(σ (R)), but it is just as easy to
state and prove it in its natural generality. See [12] on general epireflections and monocore-
flections.
Proposition 3.3 [20]. Let A be any category, with subcategories (R, r) epireflective and
(C, c) monocoreflective (r , c denoting the functors). Then, cR⊆R iff rC ⊆ C .
Proof. (⇐) Suppose rC ⊆ C , and let X ∈ R. We are to show that for the monic C-
coreflection X i←− cX, cX ∈R, i.e., the epic R-reflection cX j−→ rcX is an isomorphism






in which: First, since X ∈R, there is f1 with f1j = i . Then, since rcX ∈ C , there is f2 with
if2 = f1. Now, with 1 being the identity morphism on cX, we have i1 = i = f1j = if2j .
Since i is monic (left-cancellable), 1 = f2j . Thus j is a section, and since also epic, an
isomorphism [12], as desired.
(⇒) dual to (⇐). 
The next preliminary proposition is where the extra hypothesis “R ⊆ Tych” arises
in 3.1.
For any space Y, let dY be the set Y with the discrete topology, so the identity func-
tion Y dY←−dY is continuous, and is the monocoreflection of Y into discrete spaces. (Of
course, the operator d is the same as p(∞).) Let Y be a class of spaces. The space X is
called Y-discrete if each f ∈ C(X,Y), Y ∈ Y , remains continuous when the topology of
Y is replaced by the discrete topology (or, there is unique f ∈ C(X, dY) with dYf = f ).
(Y-discreteness is monocoreflective. Indeed, in considerable generality, such a process de-
fines a monocoreflective subcategory [8].)
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Proposition 3.4. Let R denote the space of real numbers, and let ω < k ∞.(a) X ∈ {Rn | n < k}-discrete iff (U ⊆Z(X), |U | < k ⇒⋂U open).
(b) P(k) ⊆ {Rn | n < k}-discrete.
(c) Tych ∩ {Rn | n < k}-discrete ⊆ P(k).
Proof.
(a) (⇐) Suppose the condition on U ’s, and let f ∈ C(X,Rn), n < k. We want each f−1p
open. Now p = (pi), and f −1p =⋂i (πif )−1pi , and this last is the intersection of
< k zero-sets.
(⇒) Suppose X ∈ {Rn | n < k}-discrete, and let U = {Z(fi) | i ∈ I} with |I| < k, fi ∈
C(X). Let f ∈ C(X,RI) be defined by πif = fi for each I.
Then,
⋂U =⋂i fi−1(0i ) = f −10 is open.
(b) Use (a): Each zero-set is Gδ , so each such
⋂U is the intersection of < k open sets.
(c) For Tychonoff X, the condition on U ’s in 3.4(a) is equivalent to P(k), just as for k = ω
[7]. 
Proof of Theorem 3.1. Let σ = σ(R) throughout.
(a) This is 2.2(a) and (b);
(b) For the first “iff”: (⇐) follows from 3.2 and (⇒) holds since D(k) is the sum of k
singletons. The second “iff” now follows from (a).
(c) The “iff” is proved by 3.3.
We now prove (a bit more than) the second assertion in (c) by showing
(i) if k > σ , then p(k)RR, and
(ii) if k  σ , and if X ∈ P(k) has rX ∈ Tych, then rX ∈ P(k).
Proving (i). For X > σ , and X the one-point compactification of D(σ ), X ∈R({2}) ⊆
R while p(k)X is discrete of power σ , hence not in R (by 3.1(a)).
Proving (ii). Let k  σ and let X ∈ P(k). For k = ω, there is nothing to prove, so
suppose ω < k. By 3.4(c), we want to show that rX ∈ {Rn | n < k}-discrete, so let










in which: d is the continuous identity function. There is f1 with df1 = f rX, by 3.4(b).
Then, there is f2 with f2rX = f1, since dRn ∈ R (since n < k  σ , and therefore
|Rn| = 2n < σ , since σ is measurable).
Then, f rX = df1 = df2rX, and since rX is epic (right-cancellable), f = df2. So by
3.4(c), rX ∈ P(k).
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(d) (The proof from [16]) ψ(p,X) < σ implies p(σ)X is discrete, so (d) follows from (a)
and (c).
(e) Let X =∑I Xi k•p and σ = σ(R).
(⇒) Suppose X ∈ R. Since each Xi is closed in X, each Xi ∈ R. If both cardinal
conditions fail, then |I| > σ and, either k > |I| or k > σ . In either event, |I| > σ and
k > σ . Then choose J ⊆ I with |J| = σ , and for each i ∈ J, choose xi ∈ Xi .
Then P = {xi | i ∈ J} is closed and discrete in X with |P| = σ . So P /∈R by (a), contra-
dicting X ∈R. So at least one of the cardinal conditions holds.
(⇐) Suppose each Xi ∈R.
Suppose the first cardinal condition, |I| < σ . If k > |I|, then X =∑I Xi + {p}. Now∑
I Xi ∈R (by (b), since |I| < σ ), so
∑
I Xi + {p} ∈R (by (b)). If k  |I|, we are in
the situation of the second cardinal condition:
Suppose now k  |I| and k  σ . We show that X ∈R, by showing that the reflection
map rX : X → rX is a homeomorphism, by showing that
(iii) There is an embedding of X into an R-space. Thus rX is an embedding.
(iv) rX − rX(X) = ∅. Thus rX is a homeomorphism.
Proving (iii). For each i , Xi + {pi} ∈R. Define fi : X → Xi + {pi} as (fi | Xi is the
identity on Xi ; fi(X − Xi ) = {pi}). This is continuous since Xi is clopen in X. For
each J ⊆ I with |J| < k, let gJ : X → {0,1} be the characteristic function of ∑J Xi .
This is continuous since
∑
J Xi is clopen. Now, suppose x /∈ F = F. If x ∈ Xi , then
fi(X) /∈ fi(F), and if x = p, then for some J, gJ(p) = 0 and gJ(F) = 1. So the family
{fi | i ∈ I} ∪ {gJ | |J| < k} separates points and closed sets, thus its derived diagonal
map is an embedding of X into
∏
I(Xi + {pi})×
∏{{0,1} | |J| < k} ∈R.
Proving (iv). From (iii), we can view X as a subset of rX. If q ∈ rX − X, then X is
dense and R-embedded in X ∪ {q}. In general, whenever A is clopen in B, then A is
R-embedded in B.
Thus, if |J| < k and k  σ , the clopen set∑J Xi is R-embedded in X, thus in X ∪ {q}.
But
∑
J Xi ∈ R by (b), so
∑
J Xi has no extension in which it is R-embedded and
dense.
Hence q /∈∑J Xi (closure in X ∪ {q}). So
∑
J Xi is clopen in X ∪ {q}. This shows that
any neighborhood of p is also a neighborhood of q , so X ∪ {q} is not Hausdorff, a
contradiction.
The proof of 3.1 is complete. 
4. Remarks
4.1. In the general vein of 3.1(e): it is shown in [7], that if Y ∈ RC and K is compact,
then any space of the form Y ∪ K is in RC, in particular, any Y ∪ {p} ∈ RC. It seems
plausible that this generalizes to: if Y ∈R and K is compact and K ∈R, then any space
Y ∪ K ∈R, in particular, any Y ∪ {p} ∈R. All we can prove is this
Proposition. If Y ∈R and Y ∪ {p} is zero-dimensional, then Y ∪ {p} ∈R.
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Proof. As in the (rather odd) proof of (iv) above, let X = Y ∪ {p}, and suppose X is dense
andR-embedded in Z = X ∪{q}. We show that any neighborhood U of p in Z has U ∪{q}
a neighborhood of q in Z (to contradict Hausdorffness of Z). Given such U, U ∩ X is a
neighborhood of p in X, so there is V clopen in X with p ∈ V ⊆ U ∩ X. Then X − V is
clopen in X and contained in Y, so clopen in Y, and thus X − V ∈R. But, a clopen set
is always R-embedded, so X − V is R-embedded in X, hence R-embedded in Z. Thus
q /∈ (X − V)Z (since X − V ∈R, and thus has no extension in which it isR-embedded and
dense).
Thus X − V is clopen in Z, so Z − (X − V) is a clopen neighborhood of q . But,
Z − (X − V) = V ∪ {q} ⊆ (U ∩ X) ∪ {q} ⊆ U ∪ {q},
so the last is also a neighborhood of q . 
4.2. The k-box productkI Xi is the product set
∏




−1(Gi ), for J ⊆ I with |J| < k and Gi open in Xi for each i ∈ J. We conjecture the
following, based on its validity established by Kato for the cases R = RC, R({N}), and
TC [16], and by Teklehaimanot for the cases R=Kα [22].
(∗) Suppose k is regular and {Xi | i ∈ I} is a set of  2-point spaces. Then, kI Xi ∈R
iff {Xi | i ∈ I} ⊆R and k  σ(R).
Needless to say, we do not see how to generalize the specialized arguments in [16]
and [22].
The statement (∗) implies 3.1(c), since p(k)X is the closed diagonal inkI Xi , for |I| = k
and each Xi = X (noted in [16]). Note that this uses nothing about Tychonoff spaces,
making plausible the guess that in 3.1(c) and (d), the assumption “R ⊆ Tych” can be
dropped.
4.3. The relationship between R and σ(R) is studied further in [1]. It is shown there
that each R-topology is contained in a maximum R-topology (on the same set), and that
this topology is P(σ (R)), and the question of the converse is raised, especially for the case
ofR= RC: Does every space inR∩P(σ (R)) already carry such a maximumR-topology
[1, 2.5]? To this, Alan Dow has responded with élan [4]: For R= RC, where σ(R) is the
first uncountable measurable cardinal m, the answer is “Yes” iff m is a compact cardinal (!).
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